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Abstract
Bayesian optimization (BO) has been applied in black-box optimization tasks which are common in domains including optimal experimental design, self-tuning systems, and hyperparameter
optimization. Despite the strong theoretical guarantees for BO in the canonical settings, it remains
a significant challenge for BO to scale to high-dimensional and non-stationary scenarios. Recent
works attempt to exploit the locality of the black-box functions in BO — by partitioning the search
space, these algorithms learn a Gaussian process model over regions of interest that better captures
the locality of the black-box function. Various heuristics have been proposed along this direction,
most relying on additional hyperparameters (e.g., number of local regions/models to be considered,
number of examples in each partition, etc.) to be fine-tuned for specific tasks. In this paper, we
propose a simple yet effective framework for adaptively learning regions of interest for Bayesian
optimization. Our model maintains two Gaussian processes: one global model for identifying the
(local) regions of interest as (adaptive) level-sets; the other model for acquiring data in the highconfidence regions of interest. This gives us the benefit of a non-parametric model for learning
multiple regions of interest while having few hyperparameters to maintain. We demonstrate the
effectiveness of BALLET empirically on both synthetic and real-world optimization tasks.
Keywords: Bayesian Optimization, Level Set, Partition, Local Optimization

1. Introduction
Bayesian optimization (BO) is a popular statistic-model-based sequential optimization method in
various fields of science and engineering, including scientific experimental design (Yang et al.,
2019), robotics planning (Berkenkamp et al., 2016; Sui et al., 2018), self-tuning systems (Zhang
et al., 2022) and hyperparameter optimization (Snoek et al., 2012). These applications usually
involve optimizing a black-box function that is expensive to evaluate, where the statistics-guided
efficient optimization algorithm is desired. The common practice in Bayesian optimization is to
employ Gaussian processes (GPs) (Rasmussen and Williams, 2006) as a statistic surrogate model for
the unknown objective function due to its conjugacy in Bayesian inference and promising capability
in terms of learning and inference which allows defining effective acquisition function.
1

The proper choice of hyperparameters and acquisition function for BO allow theoretical guarantee on its performance under certain smoothness assumptions (Srinivas et al., 2009; Wang and
Jegelka, 2017; Wang et al., 2016a). However, the high-dimensional, large-scale, and heterogeneous
character of the real-world optimization tasks challenges BO and degrades its performance. Besides
the well-known curse of dimensionality (Bengio et al., 2005), the heterogeneity in large-scale tasks
challenges the practice of learning a global GP and selecting evaluation candidates with a global
acquisition function while lacking training data in the optimization setting (Eriksson et al., 2019).
Meanwhile, purely relying on local characteristics in optimization has been proven to be even less
effective due to the ignorance of the correlations on observations that are normally captured by
the GP when applying an appropriate kernel. The trade-off between capturing the locality and the
correlations especially when lacking training data emerges as a critical problem in applying BO in
real-world applications where the global smoothness assumption doesn’t hold.
Historically, various partitioning-based BO methods have been proposed to tackle this challenge. These
methods learn the regions of interest with heuristics that normally introduce additional complexity to
the surrogate models, which could incur challenges
in fine-tuning the hyperparameters of the heuristics.
Some typical examples include the number of the regions of interest (Eriksson et al., 2019), the maximum
leaf size in the tree-structured partitioning methods,
and the methods to generalize the partition learned
on the accumulated observations to the whole search Figure 1: Illustration of the optimization framespace (Munos, 2014). In contrast to existing work, work. The algorithm filters the search space X using
we consider a non-parametric model for partitioning the UCB and LCB estimated by a global GP. Then
it trains another GP on the filtered historical obserthe search space, which has shown remarkable perfor- vations (X̂t , Ŷt ) from the superlevel set. Global
mance in real-world tasks while having few hyperpa- optimization at each iteration is conducted on the
rameters to maintain. Figure 1 illustrates the optimiza- adaptive partition using this GP and its acquisition
tion framework, with contributions summarized below. function.
• We propose a novel algorithm for learning regions of interest for BO. Concretely, we leverage
a global estimation of the point-wise upper confidence bound (UCB) and lower confidence
bound (LCB) of the black-box function, to adaptively partition the search space for the downstream global optimization task. The partitioning algorithm enables us to identify the local
search space that contains the optimum with high probability.
• One can plug in any existing global BO algorithm into our adaptive partitioning framework
to tackle high-dimensional large-scale optimization tasks. It offers a statistical guarantee on
the distribution of the sub-domains, which leaves room for potential performance analysis.
• We demonstrate the effectiveness of the proposed algorithm with an empirical study on several synthetic and real-world optimization tasks.

2. Related Work
High-dimensional Bayesian optimization. BO often uses Gaussian processes as the function
class to parametrize the black-box function because GPs can estimate the uncertainty while fitting
the function. However, GPs are difficult to fit in high-dimensional input space so classical BO
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algorithms need modifications for high-dimensional functions (Djolonga et al., 2013). To tackle
the curse of dimensionality, a class of methods impose additional structures, such as additive GPs,
to address the challenge of training a single global GP. LineBO restricts its search space to a onedimensional subspace with reduced sample complexity at each step (Kirschner et al., 2019). Another
idea is to embed the high-dimensional input space into a low-dimensional subspace (Wang et al.,
2016b). Our proposed method relates most closely to methods with input space partitions (Eriksson
et al., 2019; Wang et al., 2020; Sazanovich et al., 2021). TurBO (Eriksson et al., 2019) maintains
a collection of local GPs and allocate queries with a multi-armed bandit procedure. LA-MCTS
(Wang et al., 2020) learns a partition of the input space and uses Monte Carlo tree search (MCTS) to
decide a subspace to apply BO. Compared with the proposed BALLET, these partitioning methods
rely on heuristics and add extra complexity to the optimization task with hyperparameters of these
heuristics, e.g., TurBO relies on the number of trust region and LA-MCTS relies on a leaf size, a
hyperparameter in UCB for the subspace selection and one for the partitioning algorithm.
Partition-based Bayesian active learning and optimization Partition-based methods are common in BO with safety constraints (Sazanovich et al., 2021; Sui et al., 2018; Makarova et al., 2021).
These methods use LCB from GPs to partition the input space into safe and unsafe subspaces. Subsequent optimizaton queries are restricted to the safe subspaces only. Another related work is the
level set estimation (LSE) method by Gotovos et al. (2013), where the authors use both UCB and
LCB to narrow down regions where a particular function value is likely to exist. Our method inherits
the spirit of LSE to leverage the confidence interval to adaptively partition the search space.
Partition-based optimization methods. More broadly speaking, partitioning the input space is a
general strategy employed by several optimization methods (Munos, 2011, 2014; Shahriari et al.,
2016; Merrill et al., 2021; Kawaguchi et al., 2016). Simultaneous optimistic optimization (SOO)
algorithm (Munos, 2011, 2014), which is a non-Bayesian approach that intelligently partitions the
space based on observed experiments to effectively balance exploration and exploitation of the objective. A modification of SOO, named Locally Oriented Global Optimization (LOGO) (Kawaguchi
et al., 2016), achieves both fast convergence in practice and a finite-time error bound in theory. However, in high-dimensional spaces, these non-Bayesian approaches suffer more compared to Bayesian
ones (Merrill et al., 2021).

3. Bayesian Optimization with Adaptive Level-Set Estimation
Bayesian Optimization Formally, the Bayesian optimization algorithm sequentially optimizes a
function f : X → R, where X ⊆ Rd is the search space. At iteration t, the algorithm maintains a
Gaussian process GP as the surrogate model, picks a point xt ∈ X by maximizing the acquisition
function α : X → R, and observe the function value perturbed by additive noise: yt = f (xt ) + ϵt
with ϵt ∼ N (0, σ 2 ) being i.i.d. Gaussian noise. The goal is to maximize the sum ofP
rewards
P
T
T
f
(x
)
over
T
iterations,
or
equivalently,
to
minimize
the
cumulative
regret
R
:=
t
T
t=1
t=1 rt ,
where rt := max f (x) − f (xt ) denotes the instantaneous regret. Another common performance
x∈X

metric in BO is the simple regret rT∗ = max f (x) − max f (xt ).
t≤T

x∈X

Global Estimation Existing works use heuristics to partition the historical observations Dt =
{Xt , Yt } first and then generalize it to the whole search space X (Wang et al., 2020; Eriksson et al.,
2019). Here Yt = {y1 , ..., yt } and Xt = {x1 , ..., xt }. The heuristics could introduce unnecessary
complexity and potentially incur the loss on the accuracy of the partitioning. Instead, we propose
to learn the global partitioning on X with Deep Kernel Learning (DKL) (Wilson et al., 2016) due
to its scalability enabling global estimation of the black-box function. The underlying global func3

tion fg := f is assumed to be drawn from a global Gaussian process GP fg (mfg (x), kfg (x, x′ ))
parameterized by θfg , where mfg (x) is the mean function and kfg (x, x′ ) is the covariance function. The algorithm learns a latent space mapping q : X → Z on a neural network to convert the input space X to the latent space Z, and constructs an objective mapping h : Z → R
such that f (x) ≈ h(q(x)), ∀x ∈ X. The neural network q and the base kernel k together are
regarded as a deep kernel, denoted by kfg (x, x′ ) = k(q(x), q(x′ )) (Wilson et al., 2016). The
deep kernel is trained by maximizing the negative log-likelihood (NLL) − log(P (yt |Xt , θfg ,t )) =
− 21 yt⊤ (Kfg ,t + σ 2 I)−1 yt − 12 log |(Kfg ,t + σ 2 I)| − 2t log(t) which is the learning objective for the
kernel (Rasmussen and Williams, 2005). In addition to DKL, we use the unlabeled dataset which is
sampled from X to pre-train an Auto-Encoder and use the parameters of its encoder to initialize the
neural network q following the protocol described by Ferreira et al. (2020).
At iteration t, given the selected points Dt , the posterior over fg also takes the form of a GP,
with mean µfg ,t (x) = kfg ,t (x)⊤ (Kfg ,t + σ 2 I)−1 yt and covariance kfg ,t (x, x′ ) = kfg (x, x′ ) −
kfg ,t (x)⊤ (Kfg ,t + σ 2 I)−1 kfg ,t (x′ ), where kfg ,t (x) = [kfg (x1 , x), . . . , kfg (xt , x)]⊤ and Kfg ,t :=
[kfg (x, x′ )]x,x′ ∈Dt is the positive definite kernel matrix (Rasmussen and Williams, 2005).
Region of Interests Filtering The global GP fg enables a filtering on X to locate the region of
interest X̂. It is desired for X̂ that with high probability, x∗ = arg maxx∈X f (x) is contained by
X̂, while |X̂| ≪ |X|. The objective function defined on X̂, which is denoted by fˆ, is therefore
of reduced complexity and easier to be captured by a Gaussian process GP fˆ on the superlevel set
during the optimization. Specifically, we leverage the confidence interval of the global GP fg to
define the upper confidence bound UCBfg (x) = µfg ,t (x) + β 1/2 σfg ,t (x) and lower confidence
bound LCBfg (x) = µfg ,t (x) − β 1/2 σfg ,t (x), where σfg ,t (x) = kfg ,t (x, x) and β acts as an scaling
factor. Then the maximum of global lower confidence bound LCBfg ,max = maxx∈X LCBfg (x) can
be used as the threshold, and we attain X̂ = {x ∈ X| UCBfg (x) > LCBfg ,max } as the region of
interest. The historical observation on this subset is denoted as D̂ = {(x, y) ∈ D|x ∈ X̂}.
At each iteration, the proposed algorithm Bayesian Optimization with Adaptive Level-Set Estimation (BALLET) conducts the region of interest filtering and then superlevel-set BO on X̂ using
the superlevel-set Gaussian process GP fˆ and superlevel-set acquisition function αfˆ as the global
optimization. Our algorithm is presented in Algorithm 1.
Algorithm 1 Bayesian Optimization with Adaptive Level-Set Estimation (BALLET)
Input:Search space X, initial observation D0 , horizon T ;
for t = 1 to T do
3:
Learn the global estimation GP fg ,t : θfg ,t ← arg maxθfg − log(P (yt |Xt−1 , θfg ))

1:

2:

4:
5:
6:
7:

Partition by region of interest filtering: X̂t ← {x ∈ X| UCBfg ,t (x) > LCBfg ,t,max }
Partition the historical observation: D̂ = {(x, y) ∈ D|x ∈ X̂t }.
Learn the superlevel-set GP: GP fˆ,t : θfˆ,t ← arg maxθ ˆ − log(P (yt |X̂t , θfˆ)
f
Optimize the superlevel-set acquisition function: xt+1 ← arg max αfˆ(x))
x∈X̂

Update D: Dt+1 ← Dt ∪ {(xt+1 , yt+1 )}
9: Output: max yt

8:

t

Remark 1 BALLET is not assuming that the resulting X̂ is composed of one single cluster. BALLET learns a single GP over X̂ and optimizes on all these localities at the same time. Intuitively
it aims at conducting (local) BO on the top tier (which could consist of multiple regions) of the
unknown function. This mechanism avoids being overconfident to identify only one region of interest or the need to manually specify the number of clusters beforehand. Here we use the term
“superlevel-set” to differentiate from the methods conducting local BO.
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4. Experiment
Experimental Setup. We consider three baseline algorithms in our experiments. The DeepKernel-based Bayesian Optimization initialized with a pre-trained AutoEncoder (DKBO-AE) applies the deep kernel where a pre-trained AutoEncoder initializes the neural network q (Zhang et al.,
2022). The neural network consists of three hidden layers with 1000, 500, and 50 neurons, and
ReLU non-linearity respectively. The output layer is one dimensional. We use squared exponential
′ 2
2 exp(− (x−x ) ), for the deep kernel, and Thompson
kernel as the base kernel, i.e. kSE (x, x′ ) = σSE
2l
Sampling (Chapelle and Li, 2011) for the acquisition function α. Two other partition-based BO algorithms LA-MCTS (Wang et al., 2020) and TuRBO (Eriksson et al., 2019) serve as the baselines.
Note that DKBO-AE is used as the subroutine for LA-MCTS, TuRBO-DK, and the proposed BALLET. The neural network architecture, base kernel and acquisition function are the same. Therefore
the comparison between BALLET and DKBO-AE serves as the ablation study of the proposed
partitioning method.
One crucial problem in practice is tuning the hyperparameters. We take the default hyperparameters from the available LA-MCTS 1 and TuRBO 2 open-source implementation. Note that we
choose TuRBO-1 implementation for TuRBO where there is one trust region through the optimization, as previous work has shown its robust performance in various tasks (Eriksson et al., 2019).
Datasets. HDBO-200D. We create a synthetic dataset Sum-200D of 200 dimensions. Each dimension is independently sampled from a standard normal distribution to maximize the uncertainty
on that dimension and examine the algorithm’sP
capability to solve the medium-dimensional probxi which bears an additive structure and of
lem. We want to maximize the label f (x) = 200
i=1 e
non-linearity. The neural network is pretrained on 100 data points.
Water Converter Configuration-16D. This UCI dataset we use consists of positions and absorbed
power outputs of wave energy converters (WECs) from the southern coast of Sydney. The applied
converter model is a fully submerged three-tether converter called CETO. 16 WECs locations are
placed and optimized in a size-constrained environment.
Nanophotonics Structure Design. We wish to optimize a weighted figure of merit quantifying the fitness of the transmission spectrum for hyperspectral imaging as assessed by a numerical solver (Song
et al., 2018). This problem has a 5-dimensional input corresponding to the physical design dimensions of a potential filter. Although the input is not high-dimensional, the function represents a
discrete solution of Maxwell’s equations and has a complex value landscape.
Rosetta Protein Design. We use a protein engineering dataset describing a set of antigen/antibody
binding calculations. These calculations, executed using supercomputing resources, estimate the
change in binding free energy at the interface between 71769 modified antibodies and the SARSCoV-2 spike protein, as compared to a reference antibody. Estimations of binding free energy
(∆∆G) are calculated using protein structure based Rosetta Flex simulation software (Das and
Baker, 2008; Barlow et al., 2018). These calculations take several CPU hours each and are produced during an antibody design process (Desautels et al., 2020). Inputs are described with an
80-dimensional feature vector that, relative to the reference sequence, describes changes in the interface between the antibody and the corresponding target region on the SARS-CoV-2 spike. This is
a particularly relevant problem setting when trying to rapidly choose antibody candidates to respond
to a new disease in a timely fashion.
1. https://github.com/facebookresearch/LaMCTS
2. https://botorch.org/tutorials/turbo_1
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simple regret

(a) HDBO-200D

(b) Water Converter

(c) Nanophotonic

(d) Rosetta

Figure 2: Simulation results on each task is shown here. The results on each tasks are collected from at least
10 independent trials. The error bar demonstrates the standard error. β are set to 2 for HDBO-200D, Water
Converter and Nanophotonic, and 1 for Rosetta.

Results. As is shown in figure 2, the experiments demonstrate the robust performance of BALLET which consistently matches or outperforms the best baseline. In contrast, LA-MCTS consistently matches or outperforms DKBO-AE, but lags behind both TuRBO-DK and DKBO-AE in
figure 2b and figure 2d. Note that we also find that using SVM to generalize the partition on Yt to
X in LA-MCTS occasionally fails possibly due to the intrinsic complexity of the partition learned
on Yt demanding methods of greater capability, while the level-set partition of BALLET is regularized by the smoothness of the global Gaussian process GP fh . We reject the failed LA-MCTS
trials. TuRBO-DK matches BALLET performance in figure 2b and figure 2d, but loses to DKBOAE in figure 2a. By construction, HDBO-200D could have multiple distant local maximum, while
TuRBO-DK relies on the locality of the observation to identify the trust regions. TuRBO-DK is
likely to get trapped in the local maximum and the performance degrades in the scenario where the
multiple maxima are distant from each other and the gap between sub-optimal and optimal observation is significant. In contrast, BALLET is capable of identifying multiple regions of interest with
the level-set partitioning without specifying the desired number of regions.

5. Conclusion
We propose a novel framework for adaptively learning local regions of interest for Bayesian optimization. Our model maintains two Gaussian processes: One global model for identifying the
regions of interest as (adaptive) superlevel sets; the other surrogate model for acquiring data in
these high-confidence regions of interest. We demonstrate our algorithm in promising real-world
experiment design scenarios, including protein engineering and material science. Our results show
that BALLET compare favorably against state-of-the-art BO approaches under similar settings—
especially in high-dimensional and structured tasks with non-stationary dynamics—while having
less hyperparameters to fine-tune.
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Appendix A. TuRBO-M Results
The additional results on HDBO-200D is shown here.

Figure 3: Simulation results on HDBO-200D are shown here. The results of each algorithm are collected
from at least 10 independent trials. The error bar demonstrates the standard error. β is set to 2 for HDBO200D. The results includes additional experiments of TuRBO-2 and TuRBO-4 (Eriksson et al., 2019) which
are variants of TuRBO containing two and four trust regions respectively.
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