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Abstract

Typical models of active learning assume a learner can directly manipulate or query a
covariate X to study its relationship with a response Y. However, if X is a feature of a
complex system, it may be possible only to indirectly influence X by manipulating a control
variable Z, a scenario we refer to as Indirect Active Learning. Under a nonparametric
fixed-budget model of Indirect Active Learning, we study minimax convergence rates for
estimating a local relationship between X and Y, with different rates depending on the
complexities and noise levels of the relationships between Z and X and between X and Y.
We also derive minimax rates for passive learning under comparable assumptions, finding
in many cases that, while there is an asymptotic benefit to active learning, this benefit is
fully realized by a simple two-stage learner that runs two passive experiments in sequence.

1. Introduction

Traditional models of active learning and experimental design assume a learner can directly
manipulate or query a covariate X in order to probe its influence on a response Y. In many
cases, however, a learner’s ability to influence X may be limited. For example, the covariate
X might be the result of a complex process that the learner can influence and measure but
not completely control. Genetic modifications intended to target specific genes often have
limited precision, causing unintended random or systematic changes in other off-target
genes and making it challenging to measure the effect of the intended modification (Cellini
et al., |2004; Hendel et al.l 2015; Wang and Wang, 2019). Similarly, it is often unclear
whether manipulations conducted in psychological experiments reliably induce a desired
psychological state in a participant, necessitating the use of manipulation checks (Festinger),
1953; [Lench et al., 2014)). In the most general case, studied here, the learner’s influence
over X might be governed by an unknown blackbox function and subject to noise.

This paper analyzes nonparametric regression under an Indirect Active Learning model,
illustrated in Figure[l], in which, rather than specifying the covariate X, the learner specifies
a control variable Z and then observes both a resulting covariate value X = ¢g(Z) + oxex
and a resulting response Y = f(X) + oyey. Here, f and g are unknown functions, ex
is unobserved centered additive covariate noise of level ox > 0, and ey is unobserved
centered additive response noise of level oy > 0. The learner repeats this process iteratively,
using past observations of (X,Y, Z) to select a new value for the control variable Z in each
iteration, until a prespecified learning budget has been met. The learner’s goal is to estimate
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Figure 1: Graphical model of a single iteration of Indirect Active Learning.

the expected response f(zg) corresponding to a prespecified target covariate value SCOD To
do this efficiently, the learner must query “informative” values of Z, i.e., those such that
9(Z) + oxex is likely to be near to zp. Thus, in contrast to traditional active learning,
which involves only exploitation (selecting the most informative values of X), Indirect Active
Learning involves an exploration-exploitation trade-off, as the learner must both search for
the most informative choices of Z and query these choices repeatedly to mitigate noise.

The present paper begins to characterize the statistical properties of optimal learning
under this Indirect Active Learning model. Specifically, in Section [5] we study minimax
convergence rates under a nonparametric model of Indirect Active Learning with a fixed
budget, obtaining different rates depending on the complexities of the functions f and g
and the noise levels ox and oy. Our upper bounds utilize an algorithm (Algorithm [1] in
Section consisting of two passive learning stages, a “pure exploration” stage followed
by a “pure exploitation” stage. We derive high-probability upper bounds on the error of
this algorithm as well as minimax lower bounds (on the error of any algorithm) that match
our upper bounds in most, though not all, cases. Because passive experiments are typically
much easier to carry out (and parallelize) than sequential active experiments, the optimality
of this simple two-stage algorithm in many settings has important practical implications for
optimal experimental design.

To understand the benefits of active learning under indirect control, Section [ derives
minimax rates for passive learning under comparable assumptions, which differ, along with
the resulting minimax rates, from those of typical nonparametric regression. In the passive
case, the standard k-nearest neighbor (k-NN) regressor turns out to be minimax rate-
optimal. However, if either the covariate or response noise level ox or oy is sufficiently
large, the two-stage learner described above asymptotically outperforms the k-NN regressor,
demonstrating an advantage of (a very limited form of ) active learning over passive learning.

2. Problem Setup

We now describe the passive and active learning problems we study. Due to space limi-
tations, some notation and regularity conditions (specifically, “Holder ball”, “dimension”,
and “sub-Gaussian”) used here are formally defined in Appendix

Passive Setting In the passive setting, for some known zg € X C R?, the learner must
estimate f(zg) from pre-collected IID data {(X;,Y;, Z;)}; € (X x R x Z)", assuming:
A1) The data are drawn from the model X = ¢(Z) +¢ex, Y = f(X) +¢ey.

A2) The distribution Pz of Z has dimension dz around some zp € Z with g(z9) = xo.
A3) The distribution of ex has dimension dx around 0.

1. We note that our results extend straightforwardly to the problem of estimating a contrast, or the differ-
ence f(x1) — f(xo) in the conditional expectation of Y at two different covariate values zo and z1.



A4) g and f lie in Hélder balls C*¢(Z; X; Ly) and C*/(X;R; L), respectively.
A5) ex and ey are sub-Gaussian.

We note that our bounds will depend on the intrinsic dimensions dz of Z and dx of ex
(defined in Appendix , but not on the extrinsic dimension d of X.

Active Setting In the active setting, at each time step ¢, the learner must select a new
sample Z; based on the past data {(X;,Y;, Z;) 3;11 The learner may also utilize the “prior”
distribution Py of Z from the passive caseE] After selecting Z;, the learner observes the
covariate response pair (X;,Y;), and the process repeats. After n iterations of this process,
the learner must estimate f(zg) (for some zo € X known in advance), using the dataset
{(X;,Y:, Z;) . The learner may also assume A1)-A5) from the passive setting.

3. Related Work

While we are not aware of prior theoretical analyses of active learning under the above
Indirect Active Learning model, some closely related problems have been studied previously:

Active Learning with Feature Noise Our generative model (Figure generalizes the
Berkson errors-in-variables regression model (Berkson, [1950), the special case when X = Z
and g is known to be the identify function. The Berkson model, which has been studied
extensively in passive supervised learning (Buonaccorsi, 2010; |Carroll et al., 2006)), was used
by Ramdas et al.| (2014)) to study the effects of feature noise in active binary nonparametric
classification. To the best of our knowledge, this is the only prior theoretical analysis of
active learning in the setting where the learner cannot directly select the covariate.

Active Learning on Manifolds If the dimension of Z is smaller than that of X and g is
sufficiently smooth, ¢g(Z) lies on a low-dimensional manifold in X. This is a natural model
under which to study active learning on an unknown manifold (i.e., under unknown struc-
tural constraints on the covariate X'). To the best of our knowledge, no statistical theory
has been developed for this problem, although practical methods have been proposed (Zhou
and Sun, [2014; [Li et al., 2020; Huang et al., 2020; Sreenivasaiah et al. 2021]).

Instrumental Variables Methods Our model of Indirect Active Learning (Figure
assumes that the relationship between X and Y is unconfounded given Z, i.e., that ey is
independent of X and that Y is conditionally independent of £x given X. In general, there
may exist confounders that affect both X and Y, leading to the causal model assumed by
instrumental variable methods, which attempt to use an unconfounded instrumental variable
(here, Z) to deconfound the relationship between X and Y, typically by projecting X onto
its variation caused by Z (Baiocchi et al.| 2014). In the passive case, Singh et al. (2019)
provided minimax rates for nonparametric instrumental variable regression, but we are not
aware of work characterizing the potential benefits of actively manipulating the instrumental
variable Z. Indeed, one motivation for the present work is to provide a baseline for such
investigations by characterizing minimax-optimal learning in the simpler unconfounded case.

2. Although not a prior on zg in the typical Bayesian sense, Pz plays a similar role in that the estimators’
performance will likely depend on how concentrated Pz is around zp.



4. Bounds for Passive Learning

To provide an appropriate baseline for performance in Indirect Active Learning, we first
consider the problem of passively estimating f(zo) from an IID dataset {(X;,Y;, Z;)}";}.
Upon first glance, since observations of Z provide no information about the relationship
between X and Y, one might suppose that this passive problem reduces to standard passive
regression, in which we have only IID observations of (X,Y’). However, while observations
of Z are indeed uninformative here, the assumption X = g(Z) + oxex imposes constraints
on the distribution of X that differ from the standard passive regression setting, resulting
in significantly different convergence rates. Obtaining minimax rates for the passive case
will therefore facilitate interpretation of our main results for the active case, especially to
understand the benefit of active learning over passive learning.

In the passive case, we will use a k-nearest neighbor (k-NN) regression estimate of f(zg):

Definition 1 (Nearest-Neighbor Order and k-Nearest Neighbor Regressor) Given
a point xo lying in a metric space (X, p) and a finite dataset X1, ..., X,, € X, the nearest-
neighbor order m(zg; {X1,..., Xn}) is a permutation of [n] such that

1Y (1:07X7r1(:v0;{X1,...,Xn})) < P ($0’ XTrg(xg;{Xl,...,Xn})) <---< 1Y (':U0>X7rn(a:0;{X17...,Xn})) )

with ties broken arbitrarily. The k-nearest neighbor regressor fmo’k of f at xq is defined by

k
Jeok = %Z Y (@os{ X1, X0 ) (1)
=1
Crucially, in contrast to most other approaches to nonparametric regression, k-NN re-
gression automatically adapts to unknown low-dimensional structure in the distribution
of X1, ..., X, (Kpotufe, 2011), which is important in our setting because the model X =
9(Z)+oxex can constrain the intrinsic dimension of X. In contrast, we expect many meth-
ods, such as kernel methods with uniform bandwidth, to be sub-optimal in our setting. The
following result, proven in Appendix B} bounds the error of the k-NN estimate :

Theorem 2 (Passive Upper Bound) Under Assumptions A1)-A5), there exists a con-
stant C > 0 such that, for k chosen according to Eq. in Appendix@ for any 6 € (0,1),

with probability > 1 — 4, ]‘;O,k - f(.%'(])‘ < C®plogl/s, where

Sng Sf Sf Sf
1\ 15 O.Sl(x dx+dz/sg U% Zs;+dy /s U;l(x 0.52/ 2spt+dy+dg/sg
op—max{ (L) 7 [ (7 (X - ©
n n n n

Before discussing this result further, we present a matching lower bound, proven in
Appendix [C] showing that the rate ®p in Theorem [2]is the optimal in the passive case:

Theorem 3 (Passive Lower Bound) There exist constants c1,ce,ng > 0, depending only
on Ly, sq, Ly, s, dx, dz, such that, for all n > ng, for any passive estimator f,

~

fro — f(xo)‘ > Cl(I)P] > ca,

9,f,Pz.ex,ey

sup %r [

where the supremum is taken over all g, f, Pz, €x, ey satisfying Assumptions A1)-A5).



Comparing Theorems [2| and |3 we see that the k-NN regressor in Eq. achieves the
minimax optimal rate ®p, given in Eq. , for the passive case. Each of the terms in ®p can
dominate, depending on the relative magnitudes of o x, oy, and n. If the covariate noise level
ox is sufficiently small, one can show that the distribution of X concentrates near a manifold

of dimension dz/s, within X'. Hence, depending on the response noise level oy, we obtain
_°f% S S
the rate xn 9z or xn 2/7z/% corresponding to the rate of nonparametric regression
over a covariate space of dimension dz /sy, in the absence of response noise (Kohler, |2014)
or the presence of response noise (Tsybakov, 2008)), respectively. Increasing the level ox
% _ sf

of covariate noise leads to slower rates, respectively < n 4xFdz/ss or =< n 2 tixtdz/s
equivalent to increasing the dimension of the covariate space by dx.

5. Bounds for Active Learning

We now turn to the active case. Our upper bounds use a “two-stage” algorithm, detailed
in Algorithm [1} which sequentially performs two passive experiments, a “pure exploration”
experiment followed by a “pure exploitation” experiment. In the first stage, the algorithm
randomly samples the control variable Z according to the given “prior” distribution Py
(as in the passive algorithm). Each sample value of Z is repeated several times, and the
resulting values of X are averaged to determine which observed value of Z is most likely
to return a value of X near zg. The algorithm then repeatedly samples this value of Z
(hopefully obtaining a large number of samples with X near x), and finally applies the
k-NN regressor from Eq. over the resulting dataset. Because passive experiments are

Algorithm 1: Two-stage active learning algorithm.

Input: Budget n, integers ¢, k € [1,n/2], distribution Pz on Z, target point 29 € X
Output: Estimate fxo of xg
m <« [n/2]
for i € [[m/l]] do // "pure exploration" stage
Draw Z; ~ Py
for l € [¢(] do
‘ Observe X;; = g(Z;) + oxex,iy and Yi; = f(Xi) + oveyiy
Compute X; = Zle X
i* ¢ argmine( e | Xi — 2o
for i € [n —m] do // "pure exploitation" stage
| SampAle Xoti = 9(Zi+) + oxexmti and Yo = f(Xoyi) + 0veymti
return faxo = %Z?:l Yﬂ'j(xo;{Xl,...,Xn})

© 0 N o ;W=
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often much easier to carry out (and parallelize) than sequential active experiments, this two-
stage design may be practical in many settings where a fully iterative procedure would be
expensive or time-consuming to implement. Nevertheless, as discussed below, Algorithm
achieves the optimal convergence rate in most, although not all, experimental settings, and
typically converges much faster than the passive minimax rate. In particular, we have the
following upper bound error, proven in Appendix [D}



Theorem 4 (Active Upper Bound) Let § € (0,1), and let f,, denote the estimator

proposed in Algom'thm with k and £ chosen according to Eqs. and in Appendix@.
Then, under Assumptions A1)-A5), for some constant C > 0 depending only on Lg, S4,

Ly, s¢, dx, and dz, with probability > 1 — 6, fxo — f($0)‘ < C®% logl/s, where

SSg

sgs °f °f
£ el S — _Sre
T = 1Y 9z Ug(x X oy a%agl(x rtix g% logn \ Zetdz 3
A 1= max = y —= | = . (3)
n n vn n n

Meanwhile, we have the following minimax lower bound, proven in Appendix [E] on the
error of any active learner:

Theorem 5 (Lower Bounds for the Active Case) There exist constants C,c > 0, de-
pending only on Ly, sq, Ly, sy, dx, and dz, such that, for any active estimator fu,

Foo — f(xo)’ > C‘I’A,*] >,

sup Pr {
97f7P275X75Y {(Z“X“}/Z) ?:1

where the supremum is over all g, f, Pz, €x, and ey satisfying Assumptions A1)-A5), and

S
SrS f
5f°9 dX Sf/dX dX 2 2sr+dx
P _ l iz 0x oy 0x Oy ! 4
A = max | = ,—, . (4)
n n vn n

Comparison of Active Upper and Lower Bounds Comparing the upper bound ®%

sfsg

n

(Eq. ) and lower bound ®4 . (Eq. ), ®% = max @*,(Ug‘logn>28g+dz ; i.e., the

first four terms in ®% match the corresponding terms in ® 4 ., while the fifth term in &%
appears to be sub-optimal. Hence, Algorithm [1|is optimal whenever oy is sufficiently large

or both dx and ox are sufficiently small; specifically, for oy small, the sub-optimal term

o2 logn 2 +g °9 25gtdy _ g
S . 7 - 7
<&> 97" dominates ®* only when n %z Sjop 0x Siog 1 X9z 9z,

n ~ ~

Comparison of Active and Passive Bounds The first terms of the passive minimax
rate ®p (Eq. (2))) and our upper bound rate ®% (Eq. (3)) match. Meanwhile, ®* improves on
the second, third, and fourth terms of ®p by removing the d /s, terms from the exponents.
Meanwhile, the last term of % dominates ® p only if oy is sufficiently small and both dx < 2
and ox Zlog n=4z/5s In particular, whenever oy is sufficiently large or both dx > 2 and
ox Zlog n~9/5s Algorithm [1| strictly outperforms the best passive algorithm.

6. Conclusions & Future Work

This paper studied the nonparametric minimax theory of Indirect Active Learning, as well
as a corresponding passive baseline. We showed that active learning asymptotically outper-
forms passive learning on many cases, and that much of this improvement is realized by a
two-stage algorithm, which uses only a very limited form of active learning and may be much
easier to implement than a fully active algorithm. Besides closing the gap between our ac-
tive upper and lower bounds, interesting directions for future work include exploring active
methods for learning global parametric relationships between X and Y (e.g., f(x) = 2705)
and extending our results to the instrumental variable setting, as discussed in Section
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Appendix A. Notation

This appendix formally defines some notation and regularity conditions used throughout
the main paper.

Given sequences {a,}; and {b,}>°; of positive real numbers, we write a,, < b, if
limsup,,_, . an/bn < 00, an 2 by if b, < ay, and a, < b, if both a, = b, and a, < by.
When ignoring polylogarithmic factors, we write Sy (to mean that, for some p > 0,
an < by(logh,)P), ete. For a positive integer n, [n] = {1,...,n} denotes the set of positive
integers at most n. For x € R, |x| = max{z € Z : z < x} is the greatest integer at most z.
For z € RY, ||z|| = max; |z;| and ||z = N » a:? are the /- and fs-norms of z.

We now define three regularity conditions needed for our learning problem. The first is
Holder smoothness, used to measure the complexities of the functions f and g:



Definition 6 (Holder Seminorm, Space, and Ball) For any s € [0, 1] and metric spaces
(Z,pz) and (X, px), the Holder seminorm || - [|¢s(z,x) is defined for f : Z — X by

fllesz = sup 22 (J;(w),f(y))'
TAYEX pX(w, Y)
The Holder space C*(Z; X) is
C*(2;X) == {f: 2 — X such that ||f|lcs(z;x) < o0}
For L > 0, the Holder ball C*(Z; X; L) is
C(Z5X:L) = {f : Z = X | |f|erzy < L.
When the spaces Z and X are clear from context, we omit these and simply write C*.

We next provide a definition of local dimension that will be used to measure intrinsic
complexities of the random variables Z and ex:

Definition 7 (Local Dimension) A random variable X taking values in a metric space
(X, p) has local dimension d around a point x € X if liminf, o7 9P [p(X,z) < 7] > 0.

Finally, we state a sub-Gaussian tail condition, required for noise variables ex and ey:

Definition 8 (Sub-Gaussian Random Variable) For any integer d > 0, an R%-valued
random variable € is said to be sub-Gaussian if, for all t € R?, | [e<€’t>] < elltl3/2,

Sub-Gaussianity is usually defined with a parameter ¢ > 0 indicating the scale of €. In this
work, to be consistent with other assumptions (namely, the local dimension assumption on
€x), we separate the scale parameter o, explicitly writing oe as needed.

Appendix B. Upper Bound for the Passive Case (Theorem [2))

In this Appendix, we prove our main upper bound for the passive case. We begin by
reiterating the result:

Theorem [2| (Main Passive Upper Bound) Suppose that Z has dimension dz around
some zg € Z with g(z0) = xg. Suppose ex is sub-Gaussian and has dimension dx around
0. Suppose that the response noise €y is sub-Gaussian. Suppose that g € C*(Z,X) and
f e C(X,Y). Then, there exists a constant C' > 0 such that, for any 6 € (0,1), with
probability at least 1 — §/2 — 2e~*/4,

Sf
29 Sf d dxTd, /s
~ log1 k\ ¢ koS XTaz/sg
Fro — Flao)| < 0 {ov 258 g (((E) 7 Jog ) (£
' k n 1) n

In particular, setting

2s
i
2(dx+dz/sg) s Fdx Fdg /g 2dy 2sps
4 Tsptdxtdy /s n frexmezice g S A, L
k = max 4log5,m1n oy LT i< Lo T By . (5)
o
X



~ 1
gives, with probability > 1 — 0, | fzok — f(xo)‘ < dplog 5 where

sfsg dv \ T sf d . r
o 1 dy O—XX dx+dgz/sg 012/ T5ptdg/sg O'XXO'%/ 2sp+dx+dz/sg
p = max — - Y
n ’ n ’ n ) n

Before proving this theorem, we state and prove a few useful lemmas. Our first lemma
shows that, under the Local Dimension assumption (Definition @, the distribution of k-NN
distances is tightly concentrated. Such results are commonly used in the analysis of k-NN
methods (Kpotufel, [2011; |Chaudhuri and Dasguptal [2014; |[Biau and Devroye, 2015; Singh
and Poczos, [2016)):

Lemma 9 (Convergence of k-NN Distance) Let X be a random variable taking values
in a metric space (X, p), and let X1, ..., X,, be IID observations of X. Suppose X has local
dimension d around a point x € X. Then there exist constants C, k > 0 such that, whenever
k/n < k, with probability at least 1 —e~*/*, the distance P(Ty Xy (@:{X1,...,Xn})) from x to its
k-nearest neighbor in {X1, ..., X,,} is at most

k 1/d
p(xJXﬂk(x;{Xl,...,Xn})) < c|- .

n

Proof By definition of local dimension, there exist ¢, 7* > 0 such that, for all r» € (0, r*],
Plp(X,z) < 7] > erd. Suppose % < C(r;)d, so that, for r := (%)Ud, r < r*. Then,

Plo(X,2) <] > 2

Since, for each i € [n], 1{p(X;,z) < r} ~ Bernoulli(P[p(X,z) < r|), by a multiplicative
Chernoff bound, with probability at least 1 — e #/4,

n

> Hp(Xiz) <} >k,

i=1

which implies p(x, X, (2:(x,....Xn})) < 7 [

Our next lemma shows that local dimension is (sub-)additive:

Lemma 10 Consider two independent R%-valued random variables X1 and Xo. Under any
norm || - || : R® — R, suppose X1 has local dimension dy around x, and Xo has local
dimension dy around xo. Then, X1 + Xo has local dimension di + do around xi + xs.

Proof [Proof of Lemma By the triangle inequality and independence of X and e,

Prf| X1 + Xz — (01 + 22)|| <] > Pr{|[X1]| < /2 AND | Xa]| < r/2
— Pr[|X1]| < /2] Prf| X2 < r/2]

10



The result follows from the definition of local dimension. [ |

Finally, the following lemma shows how local dimension of a random variable changes
when applying a Holder-smooth function:

Lemma 11 (Dimension of Pushforward) Let (X,px) and (¥, py) be metric spaces.
Let X be a random variable taking values in X, and let f € C5(X,)) be a Hélder con-
tinuous map from X to Y. If X has local dimension d around a point x € X in (X, px),
then f(X) has local dimension d/s around f(x) in (Y, py).

Proof If ||f[lcs(x,y) = 0, then f is constant and the result follows trivially. Otherwise, by
definition of Holder continuity,

. Ploy(f(X), f(z)) <] 4 Ploy(F(X), fx) < L)
hrﬁ%]nf ~dfs = Hf”CS(X,y) hr?&)nf -~
- . Plox(Xz) <7
> [1f sl ) lim nf p > 0,
since X has dimension d around z. [ |

We are now ready to prove Theorem [2l The key idea of the proof is that, combining
Lemmas and X has dimension dx + dz/ sg around zg. Together with Lemma |§|, this
implies that the distance between z and its k-nearest neighbor among {Xj, ..., X,,} is of

1
order (%) dx+dz/sg determining the bias due to smoothing implicit in the k-NN regressor.
The full proof is as follows:
Proof [Proof of Theorem [2] For any Xi,..., X, € X, let

k
. 1
f$0,X1,...,Xn,k = E Z f(XWZ((E,{Xl,,Xn}))
=1

denote the conditional expectation of fxo,k given X1, ..., X,,. By the triangle inequality,

Fook = f(@0)]| < , (6)

where the first term captures stochastic error due to the response noise €y and the second
term captures smoothing bias.
For the first term in Eq. @, since the response noise {ey;;}7_; is assumed to be additive,

Jzo.X1,...Xn .k — f(0)

fwovk - fﬂﬁle,---,ka‘ +

k

1

E E UYsY,Wi(Io;{Xl ..... Xnh)| -
i=1

fx()vk - fanle--anvk“‘ =

Hence, noting that the response noise {ey,;};~ is independent of the covariates {X;}7 ,,
by a standard concentration inequality for sub-Gaussian random variables (e.g., Lemma
in Appendix , with probability at least 1 — §/2,

4
.

(7)

faok — me,Xl,...,Xn,k‘ <oy z log

11



For the second term in Eq. @, by the triangle inequality and Holder smoothness of f,
for some constant Cy > 0,

1
k-

M=

Fuo X1, Xk = fl0)| = (Xt ta) = Fo0)

1
E ‘f(Xm(:vo;{Xl,..A,Xn})) - f(xﬂ)‘

lM?’ i

< Cl* Z 20 = X wosf X1 X |

S Cl on B ﬂ—k(x();{le'“vX’ﬂ})HSf ' (8)

Hence, the remainder of this proof is devoted to bounding the distance on = X (20:{ X1, Xn}) H
from xg to its k-nearest neighbor in X7, ..., X,,.

Combining Lemmas [9] [I0}, and [T1] gives, for some constant Cy > 0, with probability at
least 1 — e~ k/4,

9)

n

1
ko_g(x (iX+dZ/3g
HJ:[) - Xﬂk(mo;{Xl,...,Xn})H S CQ ( ) °

Now suppose that (k/n)%/?2 > gx. By the triangle inequality,
120 — Xy (zos{ X1, XD | < 1170 = Xy (zos{g(21),mg(za)p | + max leill- (10)

Combining Lemmas [0] and there exists a constant Cy > 0 such that

Sg

k\ 7z
20 — Xay(zo:{g(21),g(Za)h) | < Ca <n> : (11)

Meanwhile, by a standard maximal inequality for sub-Gaussian random variables (Lemma
in Appendix , for some constant Cs > 0, with probability at least 1 — §/2,

sg/dz
max ||&] SUX\/2log4— <03<k> logz. (12)
i€[n] o J

Plugging Inequalities and into Inequality gives, with probability at least

1-— e_k/4,
k % n
0 = Xyt el < (G + o) ()7 flog . (13)

One can check that, whenever (k/n)%/92 < o, the bound @D dominates the bound .
Hence, can take the maximum of these two bounds and omit the condition (k/n)%/% > g
i.e., for some constant Cs > 0, we always have

1 S
kodx \ dxFdz/sq L i n
on - Xﬂk($0§{X17--~7Xn})H < Cs max ( nX ) , (n) \/ log g

plugging this into Inequality gives the desired result. |
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Appendix C. Lower Bounds for the Passive Case (Theorem

In this section, we prove our lower bounds on minimax risk in the passive case. Throughout
this section, we assume Z = [0,1]% and X = R9x.

Theorem (Main Passive Lower Bound) In the passive case, there exist constants
c1,c2,n9 > 0, depending only on Ly, sy, Ly, s¢, dx, and dz, such that, for all n > ng,

sup Pr { J/“;O — f(xo)‘ > cltl)p} > co, (14)

9.f,Pz.ex ey

where

Sng

SfS Sf Sf
1\ iz J_C)l(X Ix+dzlsa (g2 \ Bpegtiz a()i(X o\ Prtixtdzle
= max - s | T [ [
n n n n

The remainder of this section is devoted to proving Theorem Since Inequality is
a maximum of four lower bounds, we can prove each of these lower bounds separately.
Proposistison will provide the two terms depending on oy. Proposition will provide
the n_% term. Finally, Proposition (17| will provide the term depending on ox but not
on oy.

We begin by construct a family ©4 s of functions g : Z — A’ that will be used through-
out the proofs:

Lemma 12 For any M € N, s,,Ly > 0, there exists a family ©4p C C%9(Z;X;Lg) of
sg-Holder continuous functions from Z to X such that:

1. |©gm| = M9z,
2. for each g € Oy np, there exists zg € Z with g(z4) = 0.

3. for some go € X and some constant Cyq, s, > 0 depending only on dz and s,

(a) [lg0 — wolloo = Cay s, LgM 5.

(b) for g # ¢ € Ogm, the functions x — 1{g(x) # go}, * — 1{¢'(x) # go} have
disjoint supports in Z.

Intuitively, the family ©4 s is constructed such that, for any z € Z, there is no more than
one g € ©g s such that ||g(2) — zol|cec < M %; hence, for the typical g € Oy a1, S 1/|0g 1]
of the samples X7, ..., X, will lie within < M™% of xy. The formal construction of O, s is
as follows:

Proof For any positive integer d, let K; : R — R denote the standard d-dimensional
“bump function” defined by

1
— ||z||5

Note in particular that K satisfies the following:

13



1. Kq€C*®(RY); i.e., K  is infinitely differentiable.
2. Forall x ¢ (—1,1)¢, Kq4(z) = 0.
3. Koo = K(0) = 1.

For any m € [M]%2, define g,, : Z — X by

L

—9 _ (K4,(0) - K, M+ 1)z—m))v, forall ze Z, 16
MngKdz”ng( dz(0) — Ka, (( ) ) (16)

gm(2) = w0 +
where v is an arbitrary unit vector in R%¥*. Then, define Oy = {gn : m € [M]%}.
Clearly, |©4.1| = M% . By Eq. , ©g4m C C*(Z;X; Ly). Moreover, for each m € [M]4,
gm(m/(M + 1)) = xo, while, whenever ||[(M + 1)z — m|s > 1, gm(z) = go = xo +
L M™%9v. |

”KdzHcsg

Next, we present a general information-theoretic lower bound in the “stochastic case”,
i.e., in the presence of response noise (oy > 0). Together with the construction of the family
Oy, in Lemma this lemma will be the basis for our lower bounds depending on oy, in
both the active and passive cases:

Lemma 13 (General Lower Bound with Response Noise) Suppose Y;|X; ~ N(f(X;),0%),
and suppose that the distribution of (Z;, X;) depends only on the preceding observations
{(Z;,X;,Y;) ;;11 Let h > 0, and let P, be any probability distribution over C*9(Z;X; Ly).

Then, there exist fo, fi € C%/(X;Y; Ly) such that, if Py = Pyxdy, is the product distribution

of Py and a unit mass on fo, and Py is the product distribution of P, and a unit mass on

J1, for some constant Cqy s, > 0 depending only on dx and sy,

it sup Pr[[fay — £(50)| 2 Cuy.s, Ll |

fwg 9./, Pz.ex ey

n

thsf
1-Cyyp s,—— || X; — h . 17
b A3 B Xl <)) 0D

1
>
-2
Here, the infimum is taken over all estimators f;o (i.e., all functions J/‘;O (ZxX X)) =
Y, the supremum is taken over all g € C*(Z;X;Ly), f € C3/(X;Y; Ly), sub-Gaussian co-
variate noise random variables e x with dimension dx around 0, and sub-Gaussian response

noise random variables €y, and we used the shorthand D = {(Z;, X;,Y;)}, to denote the
entire dataset.

Intuitively, Lemma [13| provides a lower bound in terms of the expected number of covariate
observations X; that are “informative” about f(zy), i.e., those that lie sufficiently near z.
The family ©4 s was constructed in Lemma [12|such that Hence, it remains only to bound
the expected number of such X;, which will be small for g lying in the family ©, »s. Note that
inequality applies in both active and passive settings. However, in the passive setting,
the distribution of each Z; will be independent of g, whereas, in the active setting, Z; may
depend on g through the preceding observations (specifically, (Z1, X1), ..., (Zi—1, Xi—1)).

The proof of Lemma [13|is based on the method of two fuzzy hypotheses, specifically the
following lemma:

14



Lemma 14 (Theorem 2.15 of Tsybakov]| (2008), Total Variation Case) Let Py and
Py be probability distributions over O, and let F': © — R. Suppose

sup F(0) <0, and s:= inf F(0)>0. (18)
O0esupp(FPo) Oesupp(1)
Then,
= 1—Dry(FPy, P
inf sup Pr [|F —F0)] >s/2| > (P, 1).
F oeo ¢ 2

The method of two fuzzy hypotheses is one of several standard methods for deriving minimax
lower bounds on statistical estimation error (see Chapter 2 of |T'sybakov| (2008]) for further
discussion of this and other methods). The method of two fuzzy hypotheses, in particular,
is typically used in semiparametric problems where one wishes to estimate a parametric
quantity (here, f(z)) that is subject to variation in a nonparametric “nuisance” quantity
(here, g). The key idea of the method is to lower bound the supremum over the nuisance
quantity (here, supg) by in terms of an appropriate information-theoretic measure (here
Drv) computed over an appropriately chosen distribution of the nuisance variable (here,
P,). By choosing this distribution carefully (as we will do later in this section, using the
family ©, ps constructed in Lemma , the information-theoretic measure will give a tight
lower bound on the probability of error.

We now present the proof of Lemma
Proof Let h > 0. Define fy, f1 : X — Y by

L¢hss -
fo(x)=0 and fi(z)= finX <93560> for all x € X, (19)
[Kaxlless h

where K, is as defined in Eq. . Clearly,

sup  f(wo) =0,
(g,f)€supp(Fo)

while o Iy
: f f
s:= inf  f(zg) = = Kay (0) = 7=,
(g,f)€supp(P1) [Kaxlless ™ [ Kay llcss
satisfying the condition . It remains only to bound Dty (P, P1). For each i € [n], let
Py; and P ; denote the conditional distributions of

(20)

(Z;, X4, Ys)  given (21, X1, Y1), .., (Zi—1, Xi—1,Yi—1)

under Py and P, respectively, and let Py,o; and Py, ; denote the conditional distributions
of
Y; given (21, X1,Y1), ., (Zie1, Xi1, Y1), (Zi, Xi)

under Py and Py, respectively. By a standard formula for the KL divergence between two
Gaussian random variables,
fH(Xi)

Dx1, (Py,il|Pyva,) = 52
v

15



Moreover, by construction of Py and Pj, the conditional distributions of
(Zi, Xi) given  (Z1,X1,Y1), ., (Zio1, Xi—1,Yi1)

are identical under Py and P;. Therefore, by the chain rule for KL divergence,

n

Dy, (P, P1) = Z E [Dki (PollPry)]
i—1 Da~Fo

Z E DKL (Py,0,il| Py,1,i)]
1

g/\/
1 n
-7 X))
< 1Al 1{1(X:) #0}]
20Y 7::1D,g~0
L2h25f n
= E [1{fi(X;)#0
W Ko Ty 2 p o, 1 J
L2h25f n
f
< IS B 1% - wollee < B
2 Ear By 2 pEn

where the last inequality follows from the fact that f; is non-zero only on the open /., ball
of radius h centered at zp (see Eq. ) Thus, by Pinsker’s Inequality,

_ Lghr
Dy (Po, P1) < v/2DkL (P, Py E [1{||Xi —2ollec <h
( ) ( ) O'YHKdXHC f ’LEZ: D,g~P, {H 1 HOO }]
The result now follows by plugging this bound on Dyvy (P, P;) into Lemma |

We now utilize Lemma [13] to prove the following minimax lower bound for the passive
case under response noise:

Proposition 15 (Minimax Lower Bound, Passive Case, oy large) In the passive case,
there ewists a constant C > 0 depending only on dz, dx, sq, Ly, sy, Ly such that

— d STy
2\ Zs7sg4dy x 2\ 2sp+dx+dz/sg
~ o fsotdz [ 0¥ o
Y XYY
fmo—f(xo)‘ZCmax ( ) ,( >

su Pr —
P D n n

9,f,Pz.ex ey

1
1

. . . . . . oy ox 1dx
Proof Consider the case in which o xe x; is uniformly distributed over the cube | NG —TX] .
Let
o

1Kay |25, £02/%0 52\ %57 ¥dzls . < g2 IKax %, LdZ/3g o2 25f+dz/sg

T92+dz/sg Lf, n : Hox >~ ayx 22+dz/8g e
h:=

1Kax 2ey  1577°0 08X o3\ ByFdxFdzleg else
22+dz/5gd()i(X/2 L? n .
(21)
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and
1/sg
Ly

|Kaglles (h+252)

Suppose P, is the uniform distribution over ©g 3, given in Lemma [T2}
By the Law of Total Probability,

M =

B (HIXi = aolle <h}] = Pr_fllg(Z) +oxexi—zolloo <h]

ngNPO
< Pr [lg(Z) + oxex,i — 2olloo < hlg(Zi) # g0] Pr_[9(Z;) # go]
D,g~Py D,g~Fy
+ Pr_[[|g(Zi) + oxex,i — wolle < hlg(Zi) = go] (23)
D,g~Py

Since in the passive case, g is uniformly distributed over ©4 s independently of Z; and the
elements of ©, s have disjoint supports,

1 B ||Kd ||ng O_X dZ/Sg
9(Zi) # go] < =MdZ=<Z h+ X .
l9(%) o ‘997M| Lyg Vidx

Since ex; has a uniform distribution with mean 0, the function x — Prf||loxex; + x| < h]

is maximized at x = 0, and so, similar to Inequality ,
Pr [llg(Zi) +oxex; — zollo < hlg(Zi) # go] < phr [loxex,illos < hlg(Zi) # go]
0 g~ 10

D,g~
=min < 1, .
ox

Finally, since oxex,; is uniformly distributed over the cube [—\‘/TT’LX, %}dx , by our choice

(Eq. ) of M, if g(Z;) = go, then there is no overlap between the supports of X; and fi;
formally,

Pr
D:gNPO

dx

ox

P Z;)+0oxeEx; — < hlg(Z;) = = ax< 0, z0+h— gy + —
Pty (20 + 0xxs = ol < hlg(2) = o] = (max {0,204 5 = g+ 71 )

ox L, dx
= |max40,h + — }) = 0.
< { Vdx  M*||Kq,|lcs
Plugging these into Inequality (23) gives

. h dx>dx (HKd [ < ox >>d2/89
E [H{||X; —2o|lcc < h}] <min< 1, | —— D77az0C s (o 2 7
D X = 2ol < b} { (" ! o
(24)

and plugging this into Lemma gives

inf sup  Pr[|f, — flwo) = Ch]

fzg 9./, Pz.Ex ey
S dX d /8
1 f Y Z/%e
> — 1—C’h nmin 1,<h dX> (h+UX> :
2 oy gx V d)(
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where C' > 0 is a constant depending only on dx, Ly, sy, dz, Ly, and s,. Plugging in the
appropriate value of h, according to Eq. , depending on whether ox is greater or less

than h/+\/dx, gives

' ~ 1
inf sup Pr [\F —F()| > 3/2} > —,
F ¢co ¢ 4
where
» S B
_5fs9 Zsptdy/
o} \ Ttz i oxvax < [ ot Ll Waxloy o ) T
- : X X > 92+dz/sg L?. K sf/sg n
¢ = . I dZ”ch
dx 2 \ 2srtdx+dy/sg
o oy f .
< _ > . else

Proposition provided minimax lower bounds for the passive case under response
noise of scale oy > 0, based on information-theoretic bounds showing that the information
obtainable from a single pair (Xj;,Y;) decays as 0;2; hence, a different approach is needed to
obtain tight bounds when oy is very small or 0. Our next results provide tight lower bounds
for the case when oy is small or 0 using a combinatorial, rather than information-theoretic,
approach. In particular, we show that, given a sufficiently large family ©, ys of functions g
with = — 1{g(x) # go} having disjoint supports, the probability of observing any X; with
9(X;) # go is small.

Proposition 16 (Minimax Lower Bound, Active and Passive Case, ox small, oy small)
In both active and passive cases,

s Sg
dz

Joo = flao)| = € (i) > i (25)

inf  sup Pr

fug 9.1 Pz,ex €y
where C' is a constant (given in Eq. ) depending only on Ly, sq, Ly, sy, dx, and dz.

We note that, in contrast to other the other lower bounds in this section, Proposition
applies to to both the active and passive settings, as its proof makes no assumptions on the
distribution of the control variables 71, ..., Z,.

Proof Let ©,4 )/ be as given in Lemma with M := [(2n)/42]. Additionally, let fo
and fi be as in Eq. (19). For each g € Oy, let E, denote the event g(Z1) = g(Z2) =
-+ = g(Zn) = go. Since, for any g1 # g2 € Og4m, the functions z — 1{gi(2) # go} and
z +— 1{g2(2) # go} have disjoint support, for any 71, ..., Z,,

> 1-1g,<n.

ge@g,M
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Since, by our choice of M, |0, /| = M3 > 2n, for any (potentially randomized) estimator

fxo)

|©g,0| max Pr[E,] > E Pr[E,]
’ gGGQ,M
g€®g,M

=E Z 1g,

| 9€Og, M

=E| ) 1-(-1g)| >|05um|-n>n,
| 9€Og, M

and so there exists 95, € ©4,0m such that
zQ

n

n
P[EA‘ = A}> > > 9 dz-1
r 9o g gffvo = Oy = ((Qn)l/dz +1)dz =
For h = ||zo — gollec = Wi”c%{’ under the event Egy, the distribution of the data
Z
{(Xi,Y:, Z;)}, is independent of whether f = fy or f = fi. In particular, either
~ 1 ~ 1
Pr(fy > DAl Lo pr|f, < DD EAGO) gl L
2 2 2 2
and so
n | f1(z0) — fo(l")!] 1 —dy-2
max Pr — f(x ‘Z > —Pr|lE,. | >27%
9€O04, 01, f€{fo,f1} [fmo flzo) 2 2 | gfzo]
By construction of fy and fi,
L¢h®t
| f1(z0) = fo(wo)| = T=——
[ Kax lless
and so plugging in our choices of M and h gives
3 LfL;f —dz—2
max Prf—fmo‘z > 27427,
o0y 0.1 1) [ w2 R s 1 Kag I (27 1)
(26)

Proposition 17 (Minimax Lower Bound, Passive Case, ox large, oy small) In the

passive case, for some constant C' > 0, whenever n > C’g)_(dZ/sf’,
__°r
- de dx+dz/sg 1
inf suwp Pr||f — flao)| 2 0 [ T2 > >0, (27)
fug 9.5, Pz.ex ey n 2e

where C' > 0 (given below in Eq. ) depends only on Ly, sq, Ly, sf, dx, and dz.
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S

We note that the condition n 2 oy dz/% i precisely when the rate (0’ X /n )dX Hazlsg
—S8 Sg

in Proposition [17| dominates the rate n 9z obtained earlier in Proposition hence, this
condition can be omitted when we take the maximum of these lower bounds in Theorem [3
Proof Suppose Z is uniformly distributed over Z and oxex; is uniformly distributed on

the set {0} x [— \ZLX %]dx C RYxTF1 (ie., the first coordinate of e, is always 0 and the

remaining dy coordinates are uniformly random). Define g : Z — X by g(z) = Lg|2|/e1,
where e; € R¥T! denotes the first canonical basis vector. It is straightforward to verify
that (a) Z has dimension dz around 0, (b) ex; is sub-Gaussian, (c) ex,; has dimension dx
around 0, and (d) g € C*(Z; X). Let fy and fi1 be as in Eq. with zg = 0.

Let 7* := min{L,, \;TXT(} Then, for each i € [n] and any r € [0,7*], since Z; and ey ;
are independent,

Pr{|[Xilloo < 7] = Pr[max{llg(Z0) |, lilloc} < 7]
= Pr [ Zilloo < (r/Lg)"*s] Prlllelloe < 7]

o dz/sg (. dx dx
N L, ox

Since, in the passive case, Xi, ..., X, are 11D,

P [m[m 1Xillo } — (P Xl = )"
1€

= (1 =Pr{[[Xille <r])"

(- () )Y

dz/sq

For n sufficiently large that r» < r* (i.e., n > Co , as assumed), plugging in

ox dx ng/sg dx+;z/sg
r= (28)
vV dX n

1
dx 7dz/sg\ dx+dz/sg n
. ox Lg 1
P X; > =(1- = >1/e>0,
= ()" 55 (1-3) =

since (1 — %)n approaches 1/e from above as n — oo.

Now let fo and f1 be as in Eq. (19), with & = r above. Given the event min;ep, || Xilloo >
h, the distribution of the data {(X;,Y;, Z;)}7; is mdependent of whether f = fyor f = f1.
Hence, as argued in the proof of the previous Proposition (|1 ,

gives

max Pr [

retfo.fr} oo = f(xo)‘ = i) - fO(x)q 5 br [mln [ Xilloe < h] > 1

2 = 2’
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Since, by construction of fy and fi,

Lh®s
|f1(z0) — fo(xo)| = o,
[ Kaxlless

it follows that

max Pr [
fe{fo,.f1}

Plugging in our choice of h = r from Eq above gives

- Lyhss 1
f:c - f o ‘ > :| > —.
o )| 2 SR ey ) = 20

n ~ 2¢’

max Pr
fe{fo.f1}

Foo = fla0)| > c(@)@fz/w] 1

where .
Lf (d;(dX/QLgZ/sg) dx+dz/sg
C —
2| Kay llcss

(29)

Appendix D. Upper Bound for the Active Case (Theorem

Theorem (4| (Main Active Upper Bound) Let § € (0,1) Let f;o denote the estimator
proposed in Algom'thm with k, ¢ > 4log g. Then, for some constant C > 0 depending only
on Ly, sq, Ly, sp, dx, and dz, with probability at least 1 — 6,

Sf 3f39 Sf
~ 1 1 sr [k dx 0\ dz 1 n
Jrok — f(a:o)‘ <Cyloy %logg —|—a)g <n) + <n> + (axwglog 5) ,

In particular, setting

2dx

1 25f+dX 23f
k =< max < log =, min } n, % n?srtix (30)
) o
and
1 S8z 25 dz
¢ < max < log 5 min { n, 0y " n29tdz (logn) 2tz , (31)

we have, with probability at least 1 — 6,

Fao — f(xo)‘ < CP% log 5, where

S Sng

S
Sng d 7f d f
o] ()5 (22N v (oo )T (otogn 5
A n "\ n Tyn’ n ’ n
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Proof As in the proof of the Passive Upper Bound (Theorem , for any X1,..., X, € X,
let

k
~ 1
fxo,Xl,...,Xn,k = % Z 7r1 (zo;{X1,.. ,Xn}))
denote the conditional expectation of f\xo,k given X1, ..., X,. By the triangle inequality,
(32)

fazo,Xl,...,Xn,k - f(l"o) )

Foase = flao)| <

f$07k“ - f$07X1,---7Xn,k‘ +

where the first term captures stochastic error due to the response noise €y and the second
term captures smoothing bias.

For the first term in Eq. , as argued in the passive case (see Eq. ), since the
response noise £y is sub-Gaussian, with probability at least 1 — /2,

4

—~ ~ 2
Jrok — fxo,Xl,...,Xn,k‘ <oy Z log 5 (33)

For the second term in Eq. , by the triangle inequality and Holder continuity of f, for
some constant Cy > 0,

e
i)~

Fro X Xk — f(l’o)’ < | (X zoi 1, %0 1)) — f(@0)|

1
k
Z T IQ,{Xl, ,Xn _xOH !
1=
pe

‘ Fk(wo;{Xlr'-vXn}) - CL’OH ! . (34)

IA
Q ?r‘Q

IN

By Lemmas |§| and for some constant Co > 0, with probability at least 1 — §/6, if
{>4log g,

f Sg/dZ
19(Zean to21catzon) ~ ol < Ca () )

where m = |n/2] as in Algorithm [l Meanwhile, by a standard maximal inequality for sub-
Gaussian random variables (Lemma [21 in Appendix , with probability at least 1 — /6,

— 2 12m
Z) — X;|| < 1 36
Zeﬁlaﬁﬂ H ( ’L) ”L|| >0Xx E og —— 5 ( )
By Inequality |36 and Inequality ., 35] with probability at least 1 —24/6,
— 2 8m
Hg ro(w0, K Xi}) T 950” < H 7e(@0, X100 X s D) “H Toxy gle 5

X 2 8m
< HXﬂ’z(mO,{yl,.‘.,yLm/q}) - IEQH +ox zlog 5

sg/dz
<y £ +ox log sm.
m / 1)
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Since Zmi1 = -+ = Zp = Zﬂ'é(x07{ylv"'7ytm/ij})7 by Lemma |§|7 for some constant C3 > 0,
with probability at least 1 — §/6, if k& > 4log %,
1 1/dx
“ka(:v;{Xm+1,...,Xn}) - Q(Zw(m{yl,,_,ymm}))H < Cs30x <n — m) ;
and it follows from the triangle inequality and the preceding inequality, with probability at
least 1 —§/2,

| X (@0 X1 X }) — 20|

X

< ) _ .
—‘ T8(9(Z ) (20, (X1 .., YLm/ZJ}))’{Xm“""’Xn}) g(Zﬂ'z(mo,{le-“vXLm/lj}))H

+ Hg(ZW/z(Zm{Yl,m,YLm/u})) — o

oo\ Vx AN 2 12m
§C30'X<n_m> +02<m> +ox ZlogT-

Combining this with inequalities , , and gives, with probability at least 1 — 9,
as long as k, £ > 4logg,

cf fo9 Sf
~ 1 1 k\d £\ d 1 n
f:):o,k — f(xo)’ <Oy | oy %logg + <U§{X n) X + <n> Z + (UX Zlog 5) ,

for some constant Cy > 0, since m = |n/2]. [ ]

Appendix E. Lower Bounds for the Active Case (Theorem [5)

Theorem [5| (Main Active Lower Bound) In the active case, there exist constants C,c >
0, depending only on Ly, sy, Ly, s¢, dx, and dz, such that, for any estimator f,

~

inf sup Pr|fy — f(00)| 2 COa 2,

fag 9.5, Pz.ex €y

S
2% dx \ 5t/dx d S tay
B, — 1\ z oy oy (05 of | Frrix
Ax =maxy [ — == ,—, | ——
n n Vn n

Proposition 18 (Minimax Lower Bound, Active Case, ox large, oy large) In the
active case,

where

E]

dx 2 25 p+dx

Fro —f(fﬁo)’ >C <UXUY)

n

v
ol

inf sup Pr

fwg 9.5, Pz.ex ey

(37)

where C' > 0 (given in Eq. ) depends only on Ly, sy, and dx.
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Proof As in the proofs of Propositions [15] and consider the case in which oxex,; is
uniformly distributed on the cube [—-2, ZX]9x | Let

T Vdx ' Vidx
1
PryEwee
[ Kax |2, 0902 | 77

(38)
4dx Pz n

Since €x; has a uniform conditional distribution independent of Z; and g, the function

z— E [z +oxex,illo <h}]
D:gNPO
is maximized over x € R%X when z = 0. Note that, since this bound depends only on the
distribution of €x;, and not on the distribution of Z; or g, this applies even in the active
case.

E (X —zolle <h} = E [{llg(Z)+oxex;i — 2olloc < R}
D,g~Py D,g~Po

dx
< D,EPO [H{|loxex illoo < h}] = min {1, <h\/@> } . (39)

ox

where ¢4, denotes the d x-dimensional standard normal density. Plugging this into Lemma
gives

d
~ 1 Lh®r h/dx \ ™~
sup Pr[f — f(zo)| = Cay, thf}zf 1- n(
gvf)PZ)5X15Y D ’ 0 ( )’ o f 2 O-YHKdXHCSf UX

Plugging in our choice (Eq. ) of h gives

~ 1
inf sup Pr “F - F(0) > s] > -,
F oco 0 4

for

s

1 L i ok dx ;2\ Zop+ix
P A T O R s i . (40)
2 \ 1 Kaxlless X n

Next, we prove a tight lower bound for the case that the covariate noise level ox is large
but the response noise level oy is small. This proof is quite similar to that of Proposition
for the passive case, except that, (a) rather that considering Z uniformly distributed on Z,
we make no assumptions on Z and utilize only randomness coming from ex, and (b) we
must reason somewhat more carefully about the interdependence between samples.

Proposition 19 (Minimax Lower Bound, Active Case, ox large, oy small) In the
active case,

oix sf/dx 1
inf  sup  Pr||fz — f(aco)‘ >C | =X > — ~0.18, (41)
fmo 9.[,Pz.ex.ey n 26

where C' > 0 (given below in Eq. ) depends only on Ly, sq, Ly, sf, dx, and dz.
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Proof Suppose oxex,; is uniformly distributed on [—\;TX—X, \;TX—X]dX C R4+ It is straight-
forward to verify that ex; is sub-Gaussian with and that ¢x; has dimension dx around
0. Let r* := \;TXT(' For any r € [0,r*], since each ¢; is independent of the preceding data

{(X;,Y;5, Z;)}}—,, and since the function z — Pr ||z + €;l|c < r] is maximized at z = 0,

n
Pr |min | X;||co > 7| = Pr ||| Xi|loo =7
i 6 > 7] = T Pr 160 >

=1

min || X >r
i 1] > 7

|

s
Il
—

<1 —Pr || Xilloo <7

min || X > 7"])
Jeli—-1]

I

-
I
—

(1 —Pr ||g(Zi) +&il|loo <7

min || X;|lec > 1
i 1] > 7] )

v

-
I
A

(1 —Pr||leilloc <7

min || X;|lee > 1
i 11 > v )

(1 =Pr{leillec <7])

ox

For n sufficiently large that r < r*, plugging in

I

s
Il
—

Il
VR

= X ldx (42)

Vdx
gives

n
: X . —1/d 1
Pr |min || X; > —Z_n Xl=[(1—-=] >1/e>0,
Le[nl IXilleo = ] ( n) =

since (1 — %)n approaches 1/e from above as n — oo.

Now let fy and f; be as in Eq. , with h = r above. Given the event min;ey,) || Xilloo >
h, the distribution of the data {(X;,Y;, Z;)}_; is independent of whether f = fo or f = fi.
Hence, as argued in the proof of Proposition ,

[f1(z0) = fo(=)]
2

1 1
> —Pr |min | Xife < h| > —.
}—2 r[f?fﬁ” o = ]—26

max Pr [
fe{fo,f1}

Fao = fla0)| 2

Since, by construction of fy and fi,

thsf
|f1(z0) = fo(wo)| = +——
[ Kay llces
it follows that
. Lyhs } 1
max Pr||f., — :U‘Zi > —.
fe{forfr} [fo flzo) 2|[Kaylless ] — 2e
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Plugging in our choice of h = r from Eq above gives

~ odx sr/dx 1
max Pr ||fz, — :c‘ZC =X Z =,
felforfr} feo = flo) < n > e
where /2
Ldy?
o= 1% (43)
2|| Ky lless
[ |

Finally, we prove a lower bound for the Active case that is tight when ox is small but
oy is large:

Proposition 20 (Minimax Lower Bound, Active Case, ox small, oy large) In the
active case,

: N oy 1
inf  sup Pr[f —fSU()’Z]Z. 44
Fro 9.5 PzEx 2y w0 ~ f(@0) 4yn] ~ 4 (44)
Proof Plugging the trivial bound
& 1/s
oy || Kay|less /
E [HIX; — =z <hYl<n and h=|—=2"FCt-
D, B, DX~ ol < )] < ( ok
into Lemma [13] gives
: - oy 1
inf sup Pr | |F — F(6 2} > —.
F 6o 0 | ©)] 4/n| = 4
|

Appendix F. Supplementary Lemmas
For the reader’s convenience, here we state two standard concentration inequalities for sub-
Gaussian random variables, used in our upper bounds.

Lemma 21 (Theorem 1.14 of Rigollet| (2015)) Suppose that X, ..., X,, are IID obser-
vations of a sub-Gaussian random variable. Then, for any ¢ € (0,1),

Pr
X1, Xn

max | X;| < 4/2log (2;)] < 0.

i€[n]

Lemma 22 (Proposition 2.1 of Wainwright| (2019)) Suppose that X1, ..., X,, are IID
observations of a sub-Gaussian random variable. Then, for any é € (0, 1),

1 — 2 1
P N TX; </ Elog =
X17...1:Xn [n; = \Vn 0g5
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